In this paper, we investigate some new identities related to the unification of the Bernstein-type polynomials, Bernoulli polynomials, Euler numbers and Stirling numbers of the second kind. We also give some remarks and applications of the Bernstein-type polynomials related to solving high even-order differential equations by using the Bernstein-Galerkin method. We also give some applications on these polynomials and differential equations.
Introduction
Generating functions play an important role in the investigation of various useful properties of the sequences and differential equations. These functions are also used to find many properties and formulas for the sequences. In [] , the author constructed certain generating functions for the unification of the classical Bernstein polynomials. Using these generating functions, the author derived several interesting and useful identities for these polynomials. The Bernstein polynomials have been defined by many different ways, for example, by q-series, by complex function and by many algorithms. The Bernstein polynomials are used in approximations of functions as well as in other fields such as smoothing in statistics, in numerical analysis, constructing the Bezier curves. The Bernstein polynomials are also used to solve differential equations.
According to Farouki [] , the Bernstein polynomial basis was introduced  years ago (Bernstein, ) as a means to constructively prove the ability of polynomials to approximate any continuous function, to any desired accuracy, over a prescribed interval.
Their slow convergence rate and the lack of digital computers to efficiently construct them caused the Bernstein polynomials to lie dormant in the theory rather than practice of approximation for the better part of a century. The Bernstein coefficients of a polynomial provide valuable insight into its behavior over a given finite interval, yielding many useful properties and elegant algorithms that are now being increasingly adopted in other application domains. http://www.boundaryvalueproblems.com/content/2013/1/56
Recently, the author [] introduced and investigated the following generating functions which use a unification of the classical Bernstein polynomials:
where b, s ∈ N  := {, , , , . . .}, t ∈ C and x ∈ [, ]. The following function is a generating function of the polynomials S n (b, s, x)
where
An explicit formula of the polynomials S n (b, s, x) is given by the following theorem [] .
. Let b, n and s be nonnegative integers. If n ≥ bs, then we have
Remark . If we set s =  in (), we have
which denotes the classical Bernstein basis function (cf. [-]). Consequently, the polynomials S n (b, s, x) are a unification of the Bernstein polynomials.
The remainder of this study is organized as follows. Section : We give many properties of the unification of the Bernstein-type polynomials: partition of unity, alternating sum, subdivision property. We also give many functional equations and differential equations of this generating function. Using these equations, many properties of the unification of the Bernstein-type polynomials can be found. Section : Integral representations of the unification of the Bernstein-type polynomials are given. Using these representations, we give an identity. Section : By using the Laplace transform, we find some identities of the unification of the Bernstein-type polynomials. Section : By using a new generating function, we prove the Marsden identity for the unification of the Bernstein-type polynomials. Section : By using generating functions, we give relations between the unification of the Bernstein-type polynomial, the unification of the Bernoulli polynomial of higher order and the Stirling numbers of the second kind. Section : By using the unification of the Bernstein-type polynomials and the Bernstein-Galerkin methods, we solve high even-order differential equations. Section : We give some remarks on the unification of the Bernstein-type polynomials and Beziertype curves.
Properties of the unification of the Bernstein-type polynomials
In this section, we investigate some properties of the unification of the Bernstein-type polynomials. http://www.boundaryvalueproblems.com/content/2013/1/56
Partition of unity
The unification of the Bernstein-type polynomials S n (b, s, x) does not have partition of unity. That is, by using (), we derive the following functional equation:
By using the same method as that in [] and (), we arrive at the formula for the polynomials
Alternating sum
By using (), we derive the following functional equation which is used to find an alternating sum of the unification of the Bernstein-type polynomials S n (b, s, x):
By using the same method as that in [] and (), we arrive at a formula for the alternating sum of the polynomials S n (, s, x), which is given by the following theorem.
Subdivision property
Here, we give partial differential equations and a functional equation of the generating function for the unification of the Bernstein-type polynomials S n (b, s, x). By using this functional equation, we derive the subdivision property unification of the Bernstein-type polynomials S n (b, s, x). We set
By using the above functional equation and (), we derive the subdivision property for the polynomials S n (b, s, x) by the following theorem.
where B n k (y) denotes the classical Bernstein basis function.
Remark . Substituting s =  into (), we obtain the subdivision property for the classical Bernstein basis functions:
Using (), we give the following partial differential equations:
By applying these partial differential equations, we obtain the following derivative relations which are related to the subdivision property unification of the Bernstein-type polynomials S n (b, s, x), respectively:
and
Integral representations
In this section, we derive integral representations of the unification of the Bernstein-type polynomials S n (b, s, x). We also give an identity which connects the binomial coefficients, gamma and beta functions.
The beta function B(α, β) is a function of two complex variables α and β, defined by
The beta function is related to the gamma function; one has
Replacing α by n ∈ Z + and β by m ∈ Z + in the above equation, we get
where bs ≤ n.
By using (), we easily arrive at the desired result.
Binomial coefficients play an important role in mathematics and mathematical physics, especially in statistics, probability and analytic number theory. Therefore, by using () and (), we derive the following identity related to the binomial coefficients, gamma and beta functions:
Identities
In this section, by using the Laplace transform, we give some identities of the unification of the Bernstein-type polynomials S n (b, s, x).
Using the generating function in (), we get
Integrating equation () (by parts) with respect to t from zero to infinity, we have
If we appropriately use the case x >  of the following Laplace transform of the function f (t) = t k :
by substituting () into (), we arrive at the following theorem.
Remark . If we set s =  in (), then we arrive at Theorem  in [].
We modify () as follows:
From the above equation, we get
Therefore, we arrive at the following theorem.
Marsden identity
In this section, by using generating functions, we prove the Marsden identity for the unification of the Bernstein-type polynomials S n (b, s, x). This identity is associated with a formula for rational linear transformation of B-splines, which are of interest in computeraided geometric design and approximation theory. We set
We derive the following functional equation:
From the above functional equation, we get
From the above equation, we have
By comparing the coefficients of t n n! on the both sides of the above equation, we obtain
Therefore, we arrive at the Marsden identity which is given by the following theorem.
Remark . By using (), we also obtain the Marsden identity for the classical Bernstein polynomials B n j (x) as follows: 
where k is an integer parameter, a and b are real parameters and β is a complex parameter. Observe that
The above generating function is related to some special polynomials as follows. 
where B n (x) denotes the classical Bernoulli polynomials and substituting β = b = k =  and a = - into (), we have
where E n (x) denotes the classical Euler polynomials. Now, the modification of () is given by
The following definition provides a natural generalization and unification of λ-Stirling numbers of the second kind, which is defined by Srivastava [, ].
Definition . Let λ ∈ C and v ∈ N  . The generalized λ-Stirling type numbers of the second kind S(n, v; λ) are defined by means of the following generating function:
Remark . By setting λ =  in (), we get
where S(n, v) denotes the Stirling numbers of the second kind. It is also well known that 
Theorem . Let b, n and s be nonnegative integers with n ≥ bs. Then we have
where Y Proof By (), we have
By using (), () and () in the above equation, we have
From the above equation, after some calculation, we find the desired result.
Theorem . Let b and n be nonnegative integers with n ≥ b. Then we have
where E
denotes the Euler polynomials of higher order.
Proof By (), we have
From the above, we have
By using the Cauchy product in the above, after some calculation, we find the desired result.
We By substituting () into (), we arrive at the following result. We modify () as follows:
Corollary . The following identity holds true:
where k ∈ N  = {, , , . . .} and x ∈ [, ]. Let b, k, n and s be nonnegative integers and n ≥ bs -k ≥ , then we get
so that, obviously, We have
By using Leibnitz's formula for the vth derivative, with respect to x, of the product F(t, b, s : x) of the above two functions, we obtain the following higher-order partial differential equation:
By using () in the above partial differential equation, we get the following higher order partial differential equation:
By substituting () into the above equation, after some calculation, we arrive at the following theorem.
Theorem . Let x ∈ [a, b]. Let b, s and v be nonnegative integers with n ≥ bs. Then we have
Integrating equation () (by parts) with respect to x from  to  and using Theorem ., we have
for all b and s.
(   ) http://www.boundaryvalueproblems.com/content/2013/1/56
By using this inner product, we modify () as follows:
where m ≤ k ≤ n -m, m ≤ n and
The matrix representation of the above equation is given by
where 
Further remarks on Bezier curves
The unification of the Bernstein-type polynomials is used to construct Bezier-type curves which are used in computer-aided graphics design and related fields and also in the time domain, particularly in animation and interface design (cf. [, ]). The Bezier-type curve of degree n can be generalized by the author [] as follows:
B n (b, s, x) = ≤b,s≤n (bs≤n)
